A free boundary problem describing joint filtration of two immiscible incompressible liquids is derived from homogenization theory. We start with a mathematical model on the microscopic level, which consists of the stationary Stokes system for an incompressible inhomogeneous viscous liquid, occupying a pore space, the stationary Lamé equations for an incompressible elastic solid skeleton, coupled with suitable boundary conditions on the common boundary "solid skeleton -pore space", and a transport equation for the unknown liquid density. Next we prove the solvability of this model and rigorously perform the homogenization procedure as the dimensionless size of pores tends to zero, while the porous body is geometrically periodic. As a result, we prove the solvability of the Muskat problem for viscoelastic filtration.
Introduction
In the present publication we consider mathematical models describing a joint motion of two immiscible liquids in porous media, for example, the displacement of oil in water. There are different types of such models, but we are interested only in some of the fundamental models of continuum mechanics, such as, for example, Stokes equations for a slow motion of a viscous liquid, or Lamé's equations for displacements of an elastic solid body, or in models asymptotically close to these.
Among the mathematical models of a joint motion of two immiscible liquids the most widely recognized one is the Muskat problem, suggested by M. Muskat [9] . This model describes filtration of two immiscible incompressible liquids of different viscosities and different densities, divided by some unknown (free) boundary. The motion of the first liquid in the domain Ω + (t) with a constant viscosity µ + and a constant density ρ On the common free boundary Γ (t) = ∂Ω + (t) ∩ ∂Ω − (t) the pressures and normal velocities are continuous:
3) 4) where n is the unit normal vector to the boundary Γ (t) at the point x ∈ Γ (t) and V n is the velocity in the normal direction to the boundary Γ (t) at x. In (0.1)-(0.2), k is the permeability coefficient of a given physical medium, and F is a dimensionless vector of distributed mass forces. These data are supposed to be known.
Condition (0.4) means that the boundary Γ (t) is a material surface-it consists of the same set of material points during the motion. This fact permits a weak formulation of the Muskat problem. Namely, we define the pressure p f of the inhomogeneous liquid as
the density ρ f as ρ f = ρ
the viscosity µ as
and the velocity v as
Then the unknown functions v, p f , µ and ρ f satisfy the Darcy system of filtration in the form The problem is complemented with the homogeneous boundary condition v · n = 0, x ∈ S = ∂Ω, t > 0, (0. 8) where n is the normal vector to the boundary S, and the initial conditions ρ f (x, 0) = ρ 0 f (x), µ(x, 0) = µ 0 (x), x ∈ Ω, (0.9) with discontinuous initial data:
where Γ (0) = ∂Ω − ∩ ∂Ω + is a sufficiently smooth surface. So, one has two settings of the same Muskat problem. In both cases the problem is easy to formulate, but almost impossible to solve. For this reason, very little is known about classical or weak solutions. There are only a few results on classical solvability locally in time or globally in time, but no explicit solutions, and there is no result on weak solvability (see [16] , [12] , [14] and references there).
The goal of this paper is to find more general mathematical models describing the same physical process and asymptotically close to some fundamental models of continuum mechanics. To explain our ideas we consider for the moment only the Darcy system of filtration, which is responsible for the dynamics in the Muskat problem. It is well-known that this system is an asymptotic limit of the Stokes system for an incompressible viscous liquid, when the dimensionless pore size tends to zero (see [2] , [13] ). But this Stokes system on the microscopic level is a particular case (α τ = 0, α λ = ∞) of a more general system
for the displacement w and the pressure p of continuous medium ( [2] , [8] , [11] , [13] ). The microscopic system (0.10), (0.11) describes the joint motion of the viscous liquid in a pore space and of an elastic solid skeleton and is understood in the sense of distributions. Roughly speaking, this system contains the Stokes system for the viscous liquid in the pore space, the Lamé system for the solid skeleton and the boundary condition (the continuity of the normal stresses) on the common boundary "solid skeleton -pore space". In (0.10), D(x, w) is the symmetric part of ∇w, χ ε is the characteristic function of the pore space, ε = l/L is the dimensionless pore size,
l is an average size of pore, L is a characteristic size of the domain under consideration, τ is a characteristic time of the process, ρ f and ρ s are the respective mean dimensionless densities of the liquid in pores and the solid skeleton correlated with the mean density of water ρ 0 , g is the acceleration of gravity, µ is the viscosity of the liquid, and λ is the elastic Lamé constant. Theoretically the microscopic system (0.10), (0.11) with appropriate initial and boundary conditions is one of the most suitable mathematical models, describing the joint motion of a viscous liquid in a pore space and an elastic solid skeleton. But this model has no practical significance, since it is necessary to solve the problem in the physical scale of a few hundred meters, while the coefficients oscillate on the scale of a few tens of microns. The practical significance of the model appears only after homogenization. So, we have to let all dimensionless criteria α τ , α µ and α λ to be variable functions, depending on a small parameter ε, and find all limiting regimes as ε → 0.
First of all, note that in the present paper we consider only filtration processes, where the characteristic time τ of the processes is about several months. Then α τ → 0 as ε → 0, and we may neglect the inertial term in the dynamic equation (0.10) and rewrite it in the form
Next we note that for almost all physical processes, α µ ∼ 0 and α λ is sufficiently large. Then the asymptotic limit of (0.11), (0.12) under the conditions
is the Darcy system of filtration. We say that the Darcy system of filtration is the first level approximation of the microscopic system (0.11), (0.12). The second level approximation of (0.11), (0.12) is the Terzaghi-Biot system of poroelasticity ( [1] , [15] ) and corresponds to the conditions
Finally, even for sufficiently small α µ and sufficiently large α λ we may always suppose that
where
After a homogenization procedure we arrive at equations of viscoelastic filtration ( [2] , [8] , [11] ), which are the third level approximation of (0.11), (0.12). It is clear that all different asymptotic models of the system (0.11), (0.12) describe the same physical process, but with different degrees of approximation. The choice of the model depends on the aims of the researcher.
The same method can be applied to the Muskat problem. On the microscopic level the free boundary problem consists of the initial boundary value problem for dynamic equations (0.11), (0.12) for the displacement w and the pressure p of the continuous medium, coupled with the Cauchy problem
for the viscosity µ and the density ρ f of the inhomogeneous liquid in the pore space.
To make all ideas clear, we consider the simplest case of the problem when
Then the first level approximation of the microscopic free boundary problem is the Muskat problem, which consists of the dynamic equations in the form of the Darcy system of filtration
for the velocity v and the pressure p f of the liquid with a symmetric strictly positive definite matrix B (f ) , and the transport equation (0.6) for the density ρ f . In (0.15) the criterion
is strictly positive and finite.
The second level approximation of the microscopic free boundary problem (0.11), (0.12), (0.14) will be called the Muskat-Terzaghi-Biot problem. This problem consists of the transport equation (0.6) for the density of the liquid ρ f and the Terzaghi-Biot system of poroelasticity
for the velocity v and the pressure p f of the liquid and the displacement u of the solid skeleton. In (0.16), (0.17), m is the porosity of the pore space, ρ = mρ f − (1 − m)ρ s is the density of the mixture of the solid skeleton and the liquid in pores, A s 0 is a symmetric strictly positive definite constant fourth-rank tensor (for the definition of A s 0 and B (f ) see [8] ) and the criterion λ 0 is strictly positive and finite.
The last model has a submodel, corresponding to the case µ 1 = ∞. This submodel consists of the dynamic system
for the solid displacement u and the liquid pressure p f , and the transport equation (0.6) for the liquid density ρ f , where the liquid velocity is defined by
This relation formally follows from the first equation in (0.16) if we put there µ 1 = ∞. We call this problem the Muskat problem for elastic filtration. Finally, the third level approximation of the microscopic free boundary problem (0.11), (0.12), (0.14) is the Muskat problem for viscoelastic filtration. This problem consists of the dynamic system of viscoelastic filtration
for the displacement w and the pressure p of the mixture of the liquid and solid phases and equation (0.6) for the liquid density ρ f with v = ∂w/∂t. Note that this transport equation may be rewritten as the transport equation
for the density ρ of the mixture.
To prove the well-posedness of the above mentioned free boundary problems on the macroscopic level we must 1) prove the existence of a weak solution {w ε , p ε , ρ ε f } to the free boundary problem (0.11), (0.12), (0.14) on the microscopic level for every fixed ε > 0, 2) perform the rigorous homogenization procedure as ε 0.
In the present paper we do it for the Muskat problem for viscoelastic filtration under condition (0.13). The main problem here is the limiting procedure in the nonlinear term v ε ρ ε f (v ε = ∂w ε /∂t) in the transport equation. Note that the liquid density ρ ε f is just a bounded (and discontinuous) function. So, we may only expect the weak convergence of the sequence {ρ ε f } in L 2 (Ω T ). Therefore, we have to prove the strong convergence of the sequence {v ε } in L 2 (Ω T ), and this task becomes crucial.
Notations for function spaces and norms are the same as in [6] and [7] .
The problem statement and main results
First of all let us describe the domain Ω, a solid skeleton and a pore space. We suppose that Ω is a unit cube and obtained by periodic repetition of an elementary cell εY . In turn, the open unit cube Y = Y f ∪ γ ∪ Y s models a pore space, a solid skeleton, and a solid-liquid interface, such that the connected pore space Ω ε f is the periodic repetition of the elementary cell εY f , the solid skeleton Ω ε s is the periodic repetition of the elementary cell εY s , and the Lipschitz continuous solid-liquid interface S (ε) is the periodic repetition of the Lipschitz continuous interface εγ . To avoid many technical problems, connected with a priori estimates of the solutions, independent of a small parameter ε, we assume that the solid skeleton is disconnected. That is, the elementary solid cell Y s is completely surrounded by the elementary liquid cell Y f and γ ∩ ∂Y = ∅.
To make all proofs clearer we suppose that 1/ε is an integer, so that always ∂Ω ε s ∩ ∂Ω = ∅. Next we have to complete the Cauchy problem for the transport equation (0.14). On the microscopic level the transport equation for the liquid density is defined only in the pore space Ω ε f . For the exact microscopic model (see [8] ) the characteristic functionχ ε of the pore space is an unknown function and is defined as a solution to the Cauchy problem for the transport equation
It means that the solid-liquid interface S (ε) in the exact model is a material surface and we do not need boundary conditions for the liquid density on S (ε) . But our basic dynamic system here is a linear system, whereχ ε = χ ε is a given function. Therefore the solid-liquid interface S (ε) is not a material surface anymore and we need a boundary condition for the liquid density on the part of S (ε) where the liquid "enters" the pore space. To avoid this, we extend the Cauchy problem (0.14) onto the whole domain Ω. First we suppose that the function ρ (0) f (x) is defined in Ω and
Now let us look at the dynamic equation (0.12). The smoothness of the solution with respect to time in the solid part depends on the smoothness of the term ρ ε F with respect to time. But ρ ε might be some step function, which does not guarantee the existence of ∂w/∂t. Therefore, instead of ∂w/∂t we have to consider some function v, which coincides with ∂w/∂t in the liquid part and is asymptotically close to ∂w/∂t as ε → 0 in the solid part.
To do that, we extend the liquid velocity ∂w/∂t from the liquid part Ω ε f to the solid part Ω ε s using the extension result of C. Conca [3] : for any ε > 0 there exists an extension v(
and
where C is independent of ε and t. In the present paper we fix this continuous linear operator from
and, in what follows, call this function the liquid velocity.
Note that due to the continuity equation (0.11) in the domain Ω T and the structure of the pore space we may choose the extension operator such that the function v will be solenoidal:
For more details see [5] . Finally, we rewrite the transport equation for the liquid density as an equation for the density of the mixture
and v is defined by (1.2). Now we are ready to formulate the definition of a weak solution to the free boundary problem on the microscopic level.
We say that a triple {w ε , p ε , ρ ε } of functions is a weak solution to the problem (FB)
and we have the integral identities
for any smooth functions ξ and ϕ such that ξ(x, T ) = 0 and ϕ(x, t) = 0 for x ∈ S. In (1.4), v ε is an extension of ∂w ε /∂t given by (1.2) and
Note that the integral identity (1.5) contains differential equations in the pore space and in the solid skeleton, a boundary condition on S (ε) and the initial condition
and condition (0.13) holds true. Then the problem (FB) ε has a weak solution {w ε , p ε , ρ ε } such that
where C = C(ρ + 0 , F, T ) is independent of ε, and
THEOREM 2 Under the assumptions of Theorem 1 let {w ε , p ε , ρ ε } be a solution to the problem (FB) ε .
(I) There exists a subsequence of small parameters ε 0 such that
(II) The triple {w, p, ρ} of limiting functions is a weak solution to the Muskat problem for viscoelastic filtration, which consists of the dynamic equations
for the displacement w and the pressure p of the mixture of the solid skeleton and the liquid in pores, and the transport equation
for the density ρ of the mixture in the domain Ω T .
The problem is complemented with the homogeneous boundary condition w(x, t) = 0, x ∈ S, t > 0, (1.13) and the initial conditions
(1.14)
In (1.10) the fourth-rank constant tensors A 0 , A 1 and the fourth-rank tensor A 2 (t) are defined by formulas (3.7)-(3.9) below, and the tensor A 0 is symmetric and strictly positive definite.
Proof of Theorem 1
We prove the existence of a solution to the problem (FB) ε using the Schauder fixed point theorem, mollifiers, and viscosity solutions. For the correct limiting procedure we have to derive a priori estimates, independent of the parameters of approximation. First of all we approximate the density in the dynamic equation using a mollifier with respect to time. This gives us additional smoothness of the solutions to the dynamic equations with respect to time. Next we approximate the transport equation for the density by a diffusion-convection equation with a small diffusion (viscosity). This gives us additional smoothness of the density with respect to time and the spatial variables. Then we prove the existence of a solution {ρ (δ,h) , u (δ,h) , p (δ,h) } to the double approximate problem using the Schauder fixed point theorem. To pass to the limit as δ → 0 we need estimates independent of δ (Lemma 2.2). Here we essentially use the uniform boundedness of ∂ρ (δ,h) /∂t in the dual space L 2 ((0, T ); W −1 2 (Ω)) and we also prove that these estimates are independent of h and ε. As mentioned above, the smoothness of the solution must provide the convergence (at least weak) of the product ρ (δ,h) · v (δ,h) , where v (δ,h) = E Ω ε f (∂u (δ,h) /∂t). For a fixed h > 0 the sequence {ρ (δ,h) } is compact in L 2 (Ω T ) and the sequence {v (δ,h) } is weakly compact in L 2 (Ω T ). Thus, we may pass to the limit as δ → 0 and get a solution {ρ (h) , u (h) , p (h) } of the approximate problem. As a last step we have to pass to the limit as h → 0. But the bounded sequence {ρ (h) } is no longer a compact set in L 2 (Ω T ). Therefore, we must prove the strong compactness of
one needs some smoothness of v (h) with respect to time ( [7] ). But the proper dynamic equations do not provide directly this smoothness and we must find another way, which is done in Lemma 2.2.
The proof of the theorem is divided into several independent steps. First we solve the double approximate problem
2)
3)
for h > 0 and δ > 0 in Ω T , and then pass to the limit as δ → 0 and h → 0. In (2.1), (2.2),
h (x) for t < 0.
By the properties of mollifiers the function (ρ) (δ) possesses time derivative ∂((ρ) (δ) )/∂t ∈ L 2 (Ω T ). This fact guarantees the additional smoothness of the solution u with respect to time.
In a standard way we may define a weak solution to the problem (2.1) -(2.3) as functions u, p and ρ satisfying the corresponding integral identities. 
with the homogeneous boundary and initial conditions (2.3) for the function u.
The solvability of this problem is standard and follows from the estimates
where C = C(ρ + 0 , F, T ). To obtain the first estimate we multiply equation (2.4) by u and integrate by parts over Ω using the Hölder, Korn, Friedrichs-Poincaré and Gronwall inequalities (for more details see [8] ). To get the second estimate we differentiate equation (2.4) with respect to time, multiply the result by ∂u/∂t and integrate by parts over Ω, repeating the same procedure as above.
Therefore, u and v = E Ω ε f (∂u/∂t) are continuous linear operators of σ :
In (2.7) we have used the Korn inequality and estimates (2.6) and (1.1).
Next we consider in Ω T a linear problem for the parabolic equation (for more details see [6] ). For fixed h the problem (2.2), (2.3) defines a continuous operator ρ = Ψ (v). In fact, if
Thus,
The operator Λ is continuous in N due to estimates (2.7) and (2.10), and transforms N into itself by (2.8). The set N is obviously convex and closed in L 2 (Ω T ).
Moreover, due to well-known properties of the solutions to the linear parabolic equation (2.2) and embedding theorems [6] , and estimate (2.7),
This last smoothness property of the function ρ means that the operator Λ is completely continuous. Applying the Schauder fixed point theorem [4] we get a fixed point ρ (δ,h) of the operator Λ, which defines a solution {ρ (δ,h) , u (δ,h) , p (δ,h) } to the problem (2.1)-(2.3), satisfying estimates (2.5)-(2.9).
2
Now we derive the basic a priori estimates, which permit us to pass to the limit in (2.1)-(2.3) as δ → 0 and h → 0. LEMMA 2.2 The solutions {ρ (δ,h) , u (δ,h) , p (δ,h) } to the problem (2.1)-(2.3) satisfy estimates (2.8), (2.9) for the density ρ (δ,h) , estimate (2.5), and estimates
for the pressure p (δ,h) , the liquid velocity v (δ,h) and the displacements u (δ,h) , where the constant
is independent of ε, δ and h. Proof. For the moment we omit the indices h and δ. As noted above, the approximation of ρ by (ρ) (δ) yields additional smoothness of the solution u to the problem (2.1)-(2.3) with respect to time. Now we prove that this additional smoothness does not depend on the small parameters ε, δ and h.
First, we multiply equation (2.1) by ∂u/∂t, integrate by parts over Ω, transfer the time derivative in Ω (ρ) (δ) F · ∂u ∂t dx from u to (ρ) (δ) F and express the time derivative
We have 12) where
Everything that we have done to get (2.12) is just a formal procedure, but we may do it rigorously using the corresponding integral identities. It is easy to see that for any positive γ ,
After integrating (2.12) with respect to time and taking into account estimates (2.5), (2.8) and assumption (0.13) one has
Choosing Cγ 1/2 we get
where C is independent of ε, δ and h. This last estimate, estimate (1.1), and the Korn inequality imply
Since v ∈ L 2 ((0, T );W 1 2 (Ω)) we may use the Friedrichs-Poincaré inequality
with a constant C independent of ε. Estimates (2.14) and (2.15) yield
Now, we repeat the same procedure for time derivatives. Namely, we differentiate the equation (2.1) with respect to time, multiply the result by ∂u/∂t, and integrate over Ω:
Integrating (2.17) with respect to time and using the Friedrichs-Poincaré inequality
the Korn inequality
and estimates (2.9) and (2.16) we obtain
The last estimate, (1.1) and the Korn inequality imply
Estimate (2.11) for the pressure p follows from equation (2.1) as an estimate for the bounded linear functional on L 2 ((0, T );W 1 2 (Ω)) in the form
and estimates (2.8) and (2.18).
As a last step we pass to the limit as δ → 0. We do it in (2.20) and in the integral identity
with arbitrary smooth functions ϕ and ψ (ϕ, and ψ vanish at S, and ψ vanishes at t = T ). Estimates (2.8), (2.9), (2.11) guarantee the inclusion
and the norms of all these derivatives in L 2 ((0, T ); W −1 2 (Ω)) are uniformly bounded with respect to δ, h and ε.
From these estimates, the above mentioned inclusion, and well-known compactness results [7] , we may choose some subsequence from {δ > 0} such that the sequences
respectively, and the sequence {ρ (δ,h) } converges strongly in L 2 (Ω T ) as δ → 0 to a function ρ (h) . Letting δ → 0 in the integral identities (2.20) and (2.21) we arrive at a weak solution 
with a constant C independent of h and ε.
Proof. As before, we omit the index h for the moment. It is clear that we only have to prove (2.24).
In the same way as in Lemma 2.2 we get the integral identity
which holds true for any solenoidal function ϕ ∈W 1 2 (Ω). Due to estimates (2.8), (2.9), (2.11), I 2 ∈ L 2 (0, T ) and
In particular, for ϕ =ṽ = v(x, t 2 ) − v(x, t 1 ),
But, by the definition of the extension v,
The statement of the lemma now follows from the last estimate, (1.1) and the Korn inequality. 2
Lemmas 2.2 and 2.3 permit us to find a subsequence from {h > 0} such that the sequences [7] , and the sequence {v (h) } converges strongly in L 2 (Ω T ) as h → 0 to the function v ε = E Ω ε f (∂u ε /∂t). In fact, to prove the last statement we fix a countable dense set (t (k) ) ∞ k=1 in (0, T ) and choose a subsequence from {h > 0} such that the sequences {∇v (h) (x, t (k) )} converge weakly in L 2 (Ω) as h → 0 for all k = 1, 2, . . . . This is possible due to estimate (2.11) and the standard diagonal procedure. The last fact and estimate (2.24) guarantee the weak convergence in L 2 (Ω) of the sequences {∇v (h) (x, t)} for all t ∈ (0, T ). Now we apply the completely continuous imbedding ofW 1 2 (Ω) into L 2 (Ω) (see [7] ) and conclude that the sequence {v (h) (x, t)} converges strongly in L 2 (Ω) for all t ∈ (0, T ). The limiting procedure in the integral identities (2.20) and (2.21) as h → 0 proves the statement of Theorem 1.
Proof of Theorem 2
To prove the theorem we just have to pass to the limit as ε → 0. One already knows how to pass to the limit in the convection term ρ ε · v ε . But for ε variable additional nonlinear terms appear, containing the characteristic function χ ε of the pore space. Generally the sequence {χ ε } converges only weakly in L 2 (Ω T ). Therefore we cannot directly pass to the limit in the integral identity (1.5), because the bounded sequence {D(x, w ε )} may converge only weakly in L 2 (Ω T ). This is the main problem in homogenization theory and we will use the two-scale convergence method, suggested by G. Nguetseng [10] . For this method all functions ϕ of the form ϕ = ϕ(x, x/ε, t), 1-periodic in the variable y = x/ε, are already included in the class of test functions.
More precisely, the sequence {u ε (x, t)} is said to be two-scale convergent in
The main result in [10] states that 1) Any sequence bounded in L 2 (Ω T ) contains a two-scale convergent subsequence.
2 (Ω)) and {∇u ε k } two-scale converges to ∇u(x, t) + ∇ y U (x, y, t), where U (x, y, t) is 1-periodic in y ∈ Y and
Due to the properties of the domains Ω ε f and Ω ε s the function χ ε has the form χ ε = χ (x/ε), where χ (y) is 1-periodic (it is a periodic extension of the characteristic function of the domain Y f in Y ). Thus, the limit as ε → 0 in the term χ ε D(x, w ε ) becomes trivial.
As before, we divide the proof into several independent statements. LEMMA 3.1 There exists a subsequence of small parameters ε 0 such that
such that the sequences {p ε }, {∇w ε }, {∇(∂w ε /∂t)} and {∇v ε } two-scale converge to
Proof. The proof of the first three statements and the proof of the strong convergence of {v ε } in L 2 (Ω T ) to some limit v repeats similar proofs in the previous section.
(4) This statement follows from the results of G. Nguetseng [10] and estimates (1.6) and (1.7). We only have to prove that the weak limits of {v ε } and {∂w ε /∂t} coincide. First of all note that if {v ε } two-scale converges to the function V 0 (x, t, y) and {∇v ε } two-scale converges to ∇ x v(x, t) + ∇ y V (x, t, y), then V 0 (x, t, y) = v(x, t). Thus, the sequences {v ε } and {∂w ε /∂t} two-scale converge to v(x, t) and (∂w/∂t)(x, t) respectively. Taking now the two-scale limit in the equality
we arrive at
which proves (4) and, at the same time, the first statement in (5) . To prove the second part we use (6), (1.7) and the Friedrichs-Poincaré inequality [8] :
We have
LEMMA 3.2 The limiting density ρ satisfies the transport equation (1.12) in the form of the integral identity
for an arbitrary smooth function ξ with ξ(x, T ) = 0.
This statement becomes trivial due to the previous lemma. The proofs of the following three lemmas may be found in [8] .
LEMMA 3.3 The limiting functions ρ, p, w and W satisfy in Ω T the system of macroscopic equations
LEMMA 3.4 For almost every (x, t) ∈ Ω T the limiting functions w, W and P satisfy in Y ×(0, T ) the system of microscopic equations
LEMMA 3.5 The limiting stress tensor P (0) has the form
where the fourth-rank constant tensors A 0 , A 1 , and the fourth-rank tensor A 2 (t) are defined by formulas (3.7)-(3.9) below, and the tensor A 0 is symmetric and strictly positive definite.
Proof. We just outline the scheme of the proof. It is enough to express D(y, ∂W /∂t) and D(y, W ) through D(x, ∂w/∂t) and D(x, w) using equations (3.4). Namely, we look for the solution to the system (3.4) in the form W = 
2

Conclusions
In the present paper we have shown how to model some physical processes using modern methods of the mathematical analysis. We started with the free boundary problem for a joint motion of two immiscible incompressible fluids on the microscopic level. Theoretically this mathematical model is the most suitable; however it has no practical value, because we have to solve the problem in the physical scale of several hundred meters, while the coefficients oscillate on the physical scale of some microns. The practical value of the model appears only after homogenization. In turn, the homogenization has at least three levels approximation, which depend on the dimensionless criteria of the physical problem. The first level approximation is the well-known Muskat problem. The second level is the Muskat-Terzaghi-Biot problem. Finally, the third level approximation of the free boundary problem on the microscopic level is the Muskat problem for viscoelastic filtration. Under certain conditions on the dimensionless criteria of the physical problem we have proved that solutions of the free boundary problem for a joint motion of two immiscible incompressible fluids on the microscopic level converge to the solution of the Muskat problem for viscoelastic filtration as the small parameter of the homogenization tends to zero.
